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Demagnetizing Factors of Rectangular
Prisms and Ellipsoids

Du-Xing Chen, Enric Pardo, and Alvaro Sanchez

Abstract—We evaluate, using exact general formulas, the flux-
metric and magnetometric demagnetizing factors, , of a rect-
angular prism of dimensions2 2 2 with susceptibility
= 0 and the demagnetizing factor, , of an ellipsoid of semiaxes

, , and along the axis. The results as functions of longitudinal
and transverse dimension ratios are listed in tables and plotted in
figures. The three special cases of ( )1 2, ( )1 2,
and = are analyzed together with the general case, to quantita-
tively show the validity of approximate formulas for special cases.

of prisms with any given values of may be estimated to
an accuracy about 10%, since 1) of prisms with = are
very near those of cylinders, for which the dependence has been
calculated quite completely; 2) the dependence of the transverse

of prisms with = (rectangular bars) have recently been
calculated completely; and 3) ( = ) for prisms of great
longitudinal dimension ratios are close to of the corresponding
ellipsoids. Thus, the existing very incomplete results can be used
in some cases satisfactorily, although much work has to be done
before the actual dependence of is available as it is for
cylinders.

Index Terms—Cylinders, demagnetizing factors, ellipsoids,
prisms.

I. INTRODUCTION

T HE study of demagnetizing factors of homogeneous
bodies has been a classical topic in magnetism [1]. For

a homogeneous ellipsoid placed in a uniform applied field
, the magnetization and internal demagnetizing field
are both uniform, with . The factor is

a diagonal tensor if the , , and coordinates are chosen
along the principal , , and semiaxes of the ellipsoid, and
its three components , , and are referred to as the
demagnetizing factors corresponding to the three semiaxes.
Formulas for these factors were derived at the beginning of the
last century, and their directly usable form with tabular and
graphical evaluations was first given by Osborn and Stoner in
1945 [2], [3].

Experimentally, the first simple and interesting shape of the
bodies was cylindrical. Since in a cylinder either or both of
the magnetization and demagnetizing field are nonuniform, two
demagnetizing factors, fluxmetric and magnetometric ,

Manuscript received July 30, 2001; revised February 18, 2002. This work
was supported in part by the Ministerio de Ciencia y Tecnología under Project
BFM2000-0001 and in part by CIRIT under Project 1999SGR00340.

D.-X. Chen is with Instituto Magnetismo Aplicado, UCM-RENFE-CSIC,
28230 Las Rozas, Madrid, Spain (e-mail: chen@renfe.es).

E. Pardo and A. Sanchez are with Grup d’Electromagnetisme, Departament
de Física, Universitat Autònoma de Barcelona, 08193 Bellaterra, Barcelona,
Catalonia, Spain (e-mail: alvar@elema.uab.es).

Publisher Item Identifier S 0018-9464(02)06375-6.

have to be defined along the axis, which are relevant to the mid-
plane and volume average of demagnetizing field and magneti-
zation, respectively. Both are functions of the length-to-
diameter ratio of the cylinder and the susceptibility of the
material. Early derivations of in the 1920s and 1930s were
performed using one-dimensional (1-D) models for ,
and the values of at small were obtained by extrapolation
through fits to experimental data and comparison with theoret-
ical of ellipsoids. The results were later compiled and cited
in Bozorth’s book [4]. In the 1960s, a significant development
was realized in two-dimensional (2-D) calculations; for

and any values of were derived exactly using existing
formulas of self- and mutual-inductance of solenoids and
for and in the region of was cal-
culated to a high accuracy [5]–[8]. Afterwards, quite accurate
calculations of for a wider range of and were made with
the help of computers [9], [10], and theand dependence of

was practically completed and discussed for cylinders in
[1], [11].

Besides cylinders in the axial direction, for cylinders
(disks) in the radial direction were recently calculated for some
cases [12], [13]. Similar calculations were made also for
of tubes in the axial direction [14], which may be compared
with a simple approximation of the tangential of thin-wall
rings in the radial direction [15]. In [16]–[18], the pole and field
distributions around the cylinder edges or the cusps of an astroid
of revolution were systematically studied. For ac demagnetizing
effects, the susceptibility spectrum of a magnetic conducting
sphere was derived exactly [19].

The above theoretical works for demagnetizing factors of
cylinders have excited great interest of experimental studies
[20]–[24], and led to a major revision of an ASTM standard
[25].

Most magnetic materials are rectangular prisms in shape
(bars, tapes, ribbons, and films). However, owing to their
three-dimensional (3-D) nature, the calculations of the demag-
netizing factors of rectangular prisms started much later than
those for cylinders. Main works were carried out in the 1950s
and 1960s; formulas of were derived by Rhodes and
Rowlands and Joseph for a general prism of and by
Brown for an infinite bar (mathematically 2-D prism) for
and [5], [26], [27]. A later development was the calculation
of the longitudinal of a square bar of [9]. Compared
with cylinders, the work for of rectangular prisms is very
incomplete.

In this case, it is needed to calculate of rectangular
prisms in a wide range of values and dimension ratios like
what was done in [1] for cylinders. However, this is by no means
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an easy task, since increasing the number of dimensions from
two for a cylinder to three for a prism does not mean a 50% but
thousands times more calculations and the increase of two edges
of a cylinder to 12 of a prism will also raise significantly diffi-
culties with accurate calculations. An estimate for the amount of
work in 3-D calculations may be made below. As is known, if

is constant, pole density is zero inside the body and there are
only surface poles. In the 2-D case of cylinder, if we set for each
dimension independent surface elements (rings), there will be

independent elements over the entire surface. In the 3-D case
of prism, the corresponding number of rectangular elements for
each dimension is , so that the total number of independent
elements on the entire surface will be . Setting a reasonable
number , this means that the required elements number
in the 3-D case is 10times greater than in the 2-D case, and
a factor of more than 10of increase in the computation time
will be needed. Furthermore, an extra dimension ratio involved
in the 3-D case will increase the computation time by another
factor of 10 . Thus, compared with cylinders, more than 10
times of computation time is required for prisms in order to get
a complete set of .

Thus, further calculation of of prisms can only be made
step by step owing to its difficulty and great time consumption.
On the other hand, owing to the complexity related to their 3-D
nature, the already completed analytical works on ellipsoids and
on rectangular prisms of are still not as well known
and applicable as those for cylinders. There are not systematic
and comprehensive data tables and figures on the demagnetizing
factors analytically derived. Data tables are quite popular for
some special cases as the transverse of an infinite bar and
the longitudinal of a square bar [5], [29], [30], but it is
difficult to know how big the error is if the body shape is not
exactly what is assumed. Therefore, it is necessary and possible
to make a systematic evaluation of of prisms from the
existing analytical formulas.

Since it is very useful to compare the existing results of prisms
with those of ellipsoids and cylinders, we will make a sum-
marized presentation of all of these in the present paper. After
giving the necessary exact formulas and their approximations,
we will evaluate accurately demagnetizing factors in a wide
range of dimension ratios. The results will be presented as ta-
bles for convenient use and as figures to clearly show the gen-
eral features. Based on the analysis and discussion on the data,
and the transverse of rectangular bars, whose computation
has just been completed [31]–[33], we will suggest a temporary
approach to obtain from the present very incomplete
results with often practically acceptable accuracy.

II. DEMAGNETIZING FACTORS IN THEGENERAL CASE

A. Rectangular Prism

The formulas of and for a general rectangular prism
of for have been derived in [26]–[28]. We give
them below in a slightly simpler equivalent form. Assuming the
semiaxes , , and to be along the , , and directions,
and along the axis are

(1)

(2)

where

The computed and for such a uniformly magnetized
rectangular prism along the axis as functions of and

are listed in Tables I and II and plotted in Fig. 1(a)
and (b), respectively.

B. Ellipsoid

The formulas of s for a general ellipsoid have been derived
in [2], [3]. Assuming the semiaxes, , and of the ellipsoid
to meet , the s along these axes are

(3)

(4)

(5)

where and are elliptic integrals of the first and
second type, and

In order to calculate the demagnetizing factoralong the
axis as a function of dimension ratios consistent with the case
of the rectangular prism, we have to redefine the three semiaxes
into , , and that are along the, , and axes, respectively, so
that the axis parallel to the magnetization can take any length.
Choosing arbitrarily , and as functions of parameters

and are expressed as follows.

1) If , then with
and .

2) If , then
with and

.
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TABLE I
DEMAGNETIZING FACTOR N (0) FOR A RECTANGULAR PRISM OF 2a � 2b � 2c ALONG THE c AXIS AS A FUNCTION

OF c=(ab) AND a=b. “––” M EANS “SAME AS THE DATA ON THE LEFT”

3) If , then with
and .

The computed for an ellipsoid along theaxis as a function of
and is listed in Table III and plotted in Fig. 1(c).

III. D EMAGNETIZING FACTORS IN SPECIAL CASES

A. Case of

In the first special case, there is an axismuch longer than
the other two, along one of which the magnetization occurs. This
condition is expressed by , the limit of which at

was treated by Brown for an infinite bar [5]. Defining
, his result for and is

(6)

(7)

The high- limits of these are

(8)

(9)

Both formulas are quite accurate with a negative error; the error
is only for and when is reduced to 3 and 2,
respectively.

For and , Brown obtains

(10)

(11)

(12)

(13)

where and are complete elliptic integrals of the first and
second type, respectively.

For an ellipsoid of , the along the axis is calculated
as [2], [5]

(14)

where , the same as for the prisms above.
The computed demagnetizing factors of , (prisms

with ), and (ellipsoids) for this case as functions
of are calculated using the general formulas and plotted
in Fig. 2(a)–(c), respectively. In these figures, is a
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TABLE II
DEMAGNETIZING FACTORN (0) FOR A RECTANGULAR PRISM OF2a� 2b� 2c ALONG THE c AXIS AS A FUNCTION OFc=(ab) AND a=b

parameter indicating the greatness ofrelative to and . We
see that is enough to be practically regarded
as infinity if is not large, and if is as large as 100, one
needs to consider it as infinity.

The demagnetizing factors for will be discussed later.

B. Case of

The second special case is the opposite one with .
It is difficult to obtain significantly simplified formulas for this
case of prisms. For ellipsoids, we use Osborn’s results and write

along the axis as

(15)

(16)

where and and are complete elliptic integrals of
the first and second type. We note that two simple formulas on
this, which were occasionally used, are incorrectly written in a
popular textbook [34].

We find from (15) and (16) that multiplied by
will be a function of only. Therefore, ,

, and for prisms and ellipsoids are

computed using the general formulas as functions ofand
plotted in Fig. 3(a)–(c). In these figures, is a param-
eter to indicate the smallness ofrelative to and . We see
that if is not too small and , (15) and (16)
can be used for ellipsoids with very small error. The situation
of of prisms is much better; its high- limit can
be satisfactorily used even for if and

if , and when , it
can be used for the entire range of . Moreover, a high-
limit can be found in this case

(17)

which is accurate until 1% for if .
On the contrary, the situation of of prisms is much worse;
its high- value increases with continuously
without a limit.

C. Case of

The last special case is a well-known one, , i.e., a square
bar and an ellipsoid of revolution. In order to facilitate the com-
parison between this case and the cylinder of half-lengthand
radius with a dimension ratio studied in [1], we define

(18)
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Fig. 1. (a)N and (b)N of rectangular prisms for� = 0 and (c)N of
ellipsoids along thez direction as functions ofc=(ab) anda=b.

where is the cross-sectional area (midplane). Since ,
, and for a cylinder, ellipsoid, and prism, respectively,

this formula gives for both the cylinder and ellipsoid
of revolution and for the square bar.

For ellipsoids of revolution, along the axis is calculated
as

(19)

(20)

The high- limit of is

(21)

Its accuracy is better than 1% when .
It is not easy to obtain significantly simplified formulas for

a square bar, although a very simple formula,
, may be used with a maximum error of 5.5% [29]. On the

other hand, it has been widely thought that the demagnetizing
factors of a square bar should be similar to those of a cylinder of
the same defined by (18). Since the and for cylinders
have been studied rather completely, it will be invaluable to use
the results of cylinders as an approximation of square bars if it
is possible. of square bars of was compared with
that of cylinders in [30], where of the bars involved some
systematic error. We will make an accurate comparison for both

and here.
For a cylinder of [1]

(22)

(23)

where and are complete elliptic integrals of the first and
second type, and

The high- limits of (22) and (23) are

(24)

(25)

If for and for , the accuracy of both
formulas is better than 1.5%.

For a cylinder of , the high- limits of are [11]

(26)

(27)

For , the relative difference in and between
a square bar and a cylinder calculated using exact formulas,

, is
shown in Fig. 4(a). We see that both and for the bar
are less than those for the cylinder. The maximum difference
occurs at , being 1.9 and . The
high- difference is negligible for and 1.2 for .
Without data calculated from exact formulas, a comparison in

for can be made between bars and cylinders using
the data obtained numerically in [9]. The maximum difference

3.5 occurs at and 1 and the high-difference is
1.6 . These are qualitatively similar to the case of .

Therefore, a cylinder may be a good approximation of a square
bar concerning both and , if a common longitudinal
dimension ratio is defined from the cross-sectional area.
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TABLE III
DEMAGNETIZING FACTORN FOR AN ELLIPSOID OFSEMI-AXES a, b, AND c ALONG THE c AXIS AS A FUNCTION OFc=(ab) AND a=b

In the above, all the demagnetizing factors without a direction
assigned explicitly are for theaxis. For ellipsoids or prisms of

, (magnetometric) demagnetizing factors (s) for other
direction(s) may beobtained using the relation .

IV. DISCUSSION

A. Some Rules for the Variations of and of Prisms

In this section, we mainly discuss the features of and
of prisms; of ellipsoids will be involved if it is closely related
to and . Some rules for the variations of and of
prisms may be summarized as follows.

There is a common feature for all the general and special
cases of ; with increasing the longitudinal dimension ratio

or , and decrease while
increases.

Concerning the transverse dimension ratio dependence, the
cases in Figs. 1–3 are different. , , and all de-
crease with increasing in Fig. 1; and increase but

decreases with increasing in Fig. 2; and
decrease but increases with increasing in

Fig. 3.
As to and of prisms for , we have complete

data for [32], [33]. Since the and of a square bar

are very close to those of a cylinder (especially for when
is not near 1), we can use the results of cylinders for prisms

quite satisfactorily. For this, we define another longitudinal di-
mension ratio

(28)

which is equal to for prisms and is for cylin-
ders and ellipsoids. The and of square bar for
are compared with those of for cylinders and for el-
lipsoids of revolution as functions ofin Fig. 4(b). The and

of prisms for and are compared with those
of and for ellipsoids of as functions of
in Fig. 4(c). We see that when or is appreciably greater
than 1

(29)

In this relation and hereafter, the number(s) within parentheses
after and is the value of . However, there is a crossover
occurring with decreasing or , and we have at or
appreciably less than 1 that

(30)
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Fig. 2. (a)N and (b)N of rectangular prisms for� = 0 and (c)N of
ellipsoids along thez direction as functions ofc=a andb=(ca) .

B. Longitudinal Dimension Ratio Dependence

For the longitudinal-dimension ratio dependence, we high-
light the first-order approximation of and at great for
the three special cases expressed in (8), (9), (17), (24), and (25).
Changing and back to or and considering the
first term only, (8), (9), (24), and (25) are rewritten as

(31)

(32)

(33)

(34)

Fig. 3. (a)N (ca) =b and (b)N (ca) =b of rectangular prisms at� =
0 and (c)N(ca) =b of ellipsoids along thez direction as functions ofc=a
and(ca) =b.

Equations (17), (31)–(34) can be explained by the magnetic
Coulomb law as follows.

Let us start with (33) for the prism of . Writing the
uniform magnetization as , the poles at both ends are

. The field at the midplane produced by the poles
is according to the
Coulomb law if the poles and the midplane can be regarded
as coaxial points. This corresponds to

, which is (33).
The case of corresponds to the region of high

and high in the general case, where is ex-
pressed by (33) as will be further explained in Section IV-C.
Thus, (17) may be easily obtained by substituting the condition

, being constant, in (33).
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Fig. 4. (a) The relative deviation ofN (0) of a square bar from that
of a cylinder as a function of. (b) N (0) of rectangular (square) bars,
N (1) of cylinders, andN of ellipsoids of revolution as functions of�. (c)
N (0;1) of infinite (2-D) rectangular bars andN of infinite elliptic bars
as functions ofc=a.

In order to explain (31) for the case of , we need
to consider the 2-D nature of the field when .
The field produced by the poles at the midplane is

according to the Coulomb
law if the poles and the midplane can be regarded as infinitely
long and parallel straight lines on the same surface and the line
density of poles is . This equation leads
directly to (31).

In contrast to the 2 power-law for expressed in (33),
the 1 power-law for expressed in (34) is a consequence
of the different definitions of and . concerns the av-
erage demagnetizing field on the midplane, whereas
concerns the average demagnetizing field over the entire

volume. Owing to the rapid decrease of the field produced by
a pole with increasing distance, the volume integration of the
field produced by on the ends is practically
saturated when is greater than a certain value. Thus,

, which is consistent with (34) for a fixed .
In general, decreases with the longitudinal dimension ratio
more slowly than , so that increases with the same
ratio. In the 2-D case, since the field produced by a linear pole
decreases with distance more slowly than that by a point pole,

in (31) is proportional to as explained above, and
in (32) decreases with more slowly than by an

increasing factor owing to the continuously increasing
volume integration of the field with increasing.

In the above when we explain , 3-D or 2-D coaxial point
poles and point midplane are considered (the three points in the
2-D case are located on the plane), so that all the straight
lines connecting a pole and the midplane, along which the local
fields act, are of length and coincide with the axis. This is
practically justified only when the longitudinal dimension ratio
is great, i.e., (and ) is negligible compared with. With de-
creasing this ratio, the lines connecting many pairs of points be-
tween the end and midplane (“connecting lines”) become longer
than with a nonzero angle with the axis, so that the total

decreases. Therefore, all the curves in the figures
turn down with decreasing the longitudinal dimension ratio. The
same turning down occurs also for , which is due to the de-
crease of the volume integration of the field with decreasing the
dimension ratio.

C. Transverse Dimension Ratio Dependence

Similar things occur with and when the transverse di-
mension ratio is increased. In Fig. 1(a) for at great ,
with increasing , the lengths and angles of the “connecting
lines” are very close to and 0, respectively, so that (33) can be
satisfactorily used, and this is the main reason for (33) and (34)
of to be written in terms of rather than . At
lower , the effect of decreasing is reinforced
by increasing , so that the turning down is accompanied
by an appreciable decrease with increasing. With increasing

, the nonzero-angle effect reduces the volume integration of
the field at a fixed , so that decreases with increasing

in Fig. 1(b). Since does not change with increasing
at high , this means that decreases with in-
creasing .

In Fig. 3(a) and (b) at a given , decreases and
increases with increasing , which may be explained
based on the high- feature in Fig. 1(a) and (b). For
convenience, we fix and , and increase by a factor
of 100. This corresponds to an increase of and by
factors of 10 and 100, respectively. Since in the high-
region of Fig. 1(a), varies in proportion to
and does not change with , in this case should decrease
by a factor of 1/100, which is consistent with the results in
Fig. 3(a). On the other hand, in Fig. 1(b) varies in propor-
tion to and decreases with increasing more
slowly than , so that in this case should decrease
by a factor greater than 1/100. In other words, should
increase with increasing .
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TABLE IV
DEMAGNETIZING FACTORSALONG THE c AXIS AS FUNCTIONS OFc=a. THE FIRST FIVE, N (0), N (0), N (1), N (1), AND N , ARE FOR A

RECTANGULAR PRISM OR ELLIPSOID OF SEMI-AXES a, b ! 1, AND c WITH � = 0 OR1. THE LAST TWO, N (0) AND N , ARE FOR

A RECTANGULAR PRISM AND ELLIPSOID OF SEMI-AXES a, b ! 0, AND c

In Fig. 2(a) and (b), increases and decreases with
increasing can be explained by the 3-D to 2-D transi-
tion. The field in the 2-D case is more uniform than in the 3-D
case, so that is higher and closer to with increasing .

D. Approximate Dependence

1) Approximate : If the longitudinal dimension
ratio is great, the dependence of demagnetizing factors is
qualitatively shown by expression (29). It is interesting that
when increases rapidly with increasing the
dimension ratio from 10 to 100 to 1000,
remains almost constant; increases from 1.32
to 1.44 to 1.47 for as calculated from (26) and (27) and
from 1.196 to 1.257 to 1.271 for as calculated from the
data in Table IV. Moreover, the curve of ellipsoids is located
between and curves, and with increasing the
dimension ratio from about 10, moves from to

, as seen in Fig. 5(a) for the case of . These
rules can be used for estimating the unknown and

at other values of transverse dimension ratios where
no data are available. Two examples are given in Fig. 5(b) and
(c) for and . In both figures, , , and

curves are drawn, and we can roughly estimate the
and curves according to the above rules.

2) Approximate : Without enough data of and
for not being 0 and , it is important to find out a prac-

tical way to use for any value of . We introduce
several expressions to estimate approximately at large
longitudinal dimension ratio 10 as follows.

1) When , the following equation
is used:

(35)

2) When , the following equation is used for
:

(36)

3) When , the following equation is used for
:

(37)
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Fig. 5. (a) High-� portion of Fig. 4(b). (b)N (0) of rectangular prisms and
N of ellipsoids as functions of�, a=b = 16. (c) Same as (b),a=b = 256.

where is defined by

(38)

4) When , the following equation is used for
:

(39)

We now explain these equations using Fig. 6(a)–(c) In Fig. 6,
the solid lines are drawn based on the accurate data of the
dependence of calculated in [1], [32], [33], presenting at
various values of dimension ratios (or ) the longitudinal

of cylinder (a), the transverse of rectangular bar (b),
and the longitudinal of cylinder and the transverse of
rectangular bar (c) as functions of .

Fig. 6. (a) The longitudinalN of cylinder, (b) the transverseN of
rectangular bar, and (c) the longitudinalN of cylinder and the transverse
N of rectangular bar at various values of dimension ratios as functions
of 1 + � (solid lines). Filled circles represent points of� = 1=N (1)
versusN (1); dotted lines connecting open and filled circles are simple
approximation ofN at0 � � � 1=N (1). The two dashed lines in (a)
connecting two types of boundary points are a guide for the eye.

In all figures, the filled circles give points
. We see that the differ-

ence between (filled circle) and
(solid line) is 5%–15% for all cases, which means the maximum
error of (35) to be around 10%.

The dotted lines for in Fig. 6(c) are drawn using (36), and
the dotted lines for in (a) and (b) are drawn using (37)–(39).
From the departure of them from the corresponding solid lines,
we see that the maximum error of all these approximate equa-
tions is the same as that for (35).

The only remaining problem is how to determine using
(38) if there is not an accuratedependence calculated. From
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Fig. 6(a), we see that at . The results
plotted in Fig. 1(a) and (c) suggest that such a relation may be
roughly used for and . How-
ever, a confirmation of this should be done by calculating the
dependence of at several values of and ,
16, and 256.

V. SUMMARY

General formulas are presented in Section II for fluxmetric
and magnetometric demagnetizing factors,and , of rect-
angular prisms of along the dimension for suscep-
tibility and demagnetizing factors , , and of
ellipsoids of semiaxes along the three axes. The nu-
merical results of and of the prisms and of ellipsoids
of semiaxes , , and along the axis are listed in Tables I–III
as functions of the longitudinal and transverse dimension ratios,

and . The general formulas in Section II are sim-
plified or approximated in Section III for three special cases of
1) ; 2) ; and 3) and for their
limits of high longitudinal dimension ratio. For prisms, case 1)
includes and at . The numerical results of ,

, and for cases 1) and 2) as functions of longitudinal di-
mension ratio are listed in Table IV [results of case 3) are
included in Tables I–III]. In Figs. 1–3, results of special and limit
cases are compared with more general ones, so that the condi-
tions for using simplified formulas may be found quantitatively.

For applying results of ellipsoids and cylinders to prisms, the
proper longitudinal dimension ratio should be defined from the
midplane area as (18) and (28).

In general, the calculated and for can be
used for weakly magnetic materials (paramagnetic and diamag-
netic) and ferromagnetic materials at saturation. For other cases
with greater , may be approximately estimated using
Figs. 4–6 and (35)–(39) with a maximum error on the order of
10%. It should be emphasized that at high longitudinal dimen-
sion ratio , the values of , , that can be regarded
as 0 or in the point of view of demagnetizing factor increase
roughly in proportion to .

The present results of and of rectangular prisms are
far from being complete as compared with those for cylinders,
and many calculations have to be made in order to obtain more
accurate and complete for arbitrary values of and di-
mension ratios.
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